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QL

AnS. :

Solution: y = %g]ﬁo +igand (H)=

Q2.

AnS. :

Q3.

QUANTUM MECHANICS SOLUTIONS
NET/JRF (JUNE-2011)

The wavefunction of a particle is given by v =(i¢o+i¢lj where ¢, and ¢, are the

V2
normalized eigenfunctions with energies E, and E; corresponding to the ground state

and first excited state, respectively. The expectation value of the Hamiltonian in the state

v is

E, E E,-2E E, +2E
a) —+E b) 2 -E c) >——+ d 2——=1
@ 2+E, (0) 2-E, © == (@ =
(d)

_ <W|H|W> . E, + 2E;
(vv) 3

The energy levels of the non-relativistic electron in a hydrogen atom (i.e. in a Coulomb

potential V(r)oc—llr) are given by E_ . oc —1/n%, where n is the principal quantum
number, and the corresponding wave functions are given by v .., where | is the orbital

angular momentum quantum number and m is the magnetic quantum number. The spin

of the electron is not considered. Which of the following is a correct statement?

(@) There are exactly (2I +1) different wave functionsy ., for each E_, .
(b) There are I (1+1) different wave functions v, for each E .

(c) E,,, doesnotdependon | and m for the Coulomb potential.

(d) There is a unique wave function v, foreach E_, .

(c)
The Hamiltonian of an electron in a constant magnetic field B is given by H = x5 -B.

where 4 is a positive constant and & =(o,,0,,0,) denotes the Pauli matrices. Let

o= uB/h and | bethe 2x2 unit matrix. Then the operator e'™*"'" simplifies to

(a) Icosa)7t+la'Bsin%t (b) | cosat+. 2 Bsinwt
() Isinot+ 2B cos ot (d) Isin 20t +19°8 cos 20t
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Ans. : (b)

Solution: H = 6B where 6 =(o,,0,,0,) are pauli spin matrices and B are constant magnetic

~

field. 6:(01f,02],03k),l§:(Bxf+ B, ]+ BZIZ) and Hamiltonion H = & - B in matrices

form is given by

., B, B, -iB,
““lB,+iB, -B, |

Eigenvalue of given matrices are given by +xB and—xB . H matrices are not diagonals

so """ js equivalent to
iuBt
e’ 0
-1
S ~iuBt
0O e?
where S is unitary matrices
(1L 1)
and siogo| V2 R |.
ey .
2 2
iut AL e 1 1
e’ 0 e’ 0
s C |S= V2 2 _ V2o 2 , where o= 1B/ .
—iuBt 1 1 —iuBt 1 1
0 4 - ——F—=\ 0 e?" - =
© V2. 2 V2o 2

i =(coswt isinot)

e i J , which is equivalent to | coswt+io, sinwt can be written
ISinot coswt
iG-B ic-B
as | cosmt + sinwt, where o, =—5

Q4.  If the perturbation H'=ax, where a is a constant, is added to the infinite square well
potential

0 for 0<x<nx
00 otherwise.

vix-|

The correction to the ground state energy, to first order in a, is

ar ar ar
(@) =~ (b) ax (©) =~ (d) 7

2

H.No. 40-D, Ground Floor, Jia Sarai, Near 11T, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

181



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Ans.: (a)

Solution: Eézj'wéH'dex:a—'zj' xsin —dx_ ar REVAE Esinﬁ.
0 Ty 2 T

Q5. A particle in one dimension moves under the influence of a potential V(x) = ax®, where
a is a real constant. For large n the quantized energy level E, depends on n as:
@@ E, ~n’ (b) E, ~n*? (c) E, ~n®"® (d) E, ~n¥?

Ans. : (d)

2 1
Solution: V(x)=ax®, H = 2pr:q +ax®, E= Sr; +ax® and p, =[2m(E-ax®)p.

According to W.K.B approximation pdx = nh
.[(Zm(E = axﬁ))mdx o

We can find this integration without solving the integration

" 1/6 1/6
px 6 Py x° (Eje
E=—"+ax’ =D —2+ =1 = x= at o ) /
2m 2mE El/a Px (E/a) (E/a)

a X
Area of Ellipse = 7 (semi major axis x semiminor axis) \—\—{

E
A

1

E \s

= 2mE><(—j ch= Eaxn
a

Q6. (A) In a system consisting of two spin % particles labeled 1 and 2, let §(1)=g6(1) and

§(2)=%&(z) denote the corresponding spin operators. Here &=(o,,0,,0,) and

o,,0,,0, are the three Pauli matrices.

In the standard basis the matrices for the operators S S and S S are respectively,

n*(1 0\ R (-1 0 (i 0YR' (=i 0

@56 9% (0 1) o 70 5) %0 )
0100 0-i0 0

(00 0-i) (000-i ; "
(C)h_OO_iOh_OQ—iO ()h_1000hI000
4?—688’4?688 4/000-i|4{000 1

00iO 0010
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Ans. : (c)
0 0 0 —i
2(0 1 0 —i 210 0 i 0
Solution: S(Xl)S(z)zh— ®| . _ .
Y41 0 i 0 410 —i 0 0
i 0 0 0
0 0 0 —i
S5 :h_Z[o —|] ®[0 1] :h_z 0 0 -i 0
Y 4 \i 0 1 0 410 i 0 0
i 0 0 0
(B) These two operators satisfy the relation
(8) {s¥s?), sWs @ |— s (2 (b) {sWs® sWs@-o
©) [S)((l)s)(lz)1s§1)s>((2)]= iS£1)3£2) (d) [Sil)s)(IZ), S;(/l)s>(<2)]: 0

Ans. : (d)

Solution: We have matrix S(xl)S(yz) and S"S'? from question 6(A) so commutation is given by

y “x
[sWs) sWsP]=0.

NET/JRF (DEC-2011)

Q7. The energy of the first excited quantum state of a particle in the two-dimensional

potential V(x, y)= %ma)z(x2 + 4y2) is

@) 27 (b) 3he ©) %ha) (d) gha)
Ans. : (d)

Solution: V (x, y)= %ma’z(xz +4y2) =%ma’zxz +%m4w2y2, E= (nx +%)ha}+(ny +%j2ha)

For ground state energy n, =0,n, =0 = E = h7w+%2ha) = ?,hTa)

First exited state energyn, =1,n, =0 = ShTa)+ ho = ShTa)
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Q8.  Consider a particle in a one dimensional potential that satisfiesV (x)=V (- x). Let |y,)
and |‘/’1> denote the ground and the first excited states, respectively, and let
W) = |y ) +ay|w,) be a normalized state with &, and «; being real constants. The

expectation value (x) of the position operator x in the state |y/) is given by

(@) ag{wo [Xwo)+ai {y: [X|y) (b) o (o [Mws)+ (s [Xwo)]
) af +af (d) 200y
Ans. : (b)

Solution: Since V(x)=V (- x) so potential is symmetric.
<l//o|X|l//o> =0, <W1|X|l//1> =0

<W|X|‘//> = (ao<‘//o | + a1<W1 |)X (ao|'//0>+ 0‘1|‘/’1>) =0y |:<V/o | X|'//1>+<V/1|X|‘//o>:|

Q9.  The perturbation H'=bx*, where b is a constant, is added to the one dimensional

harmonic oscillator potentialv(x):%ma)zxz. Which of the following denotes the

correction to the ground state energy to first orderin b ?

[Hint: The normalized ground state wave function of the one dimensional harmonic

1/4
oscillator  potential is %ﬁ(?j e ™% You may use the following
T

) 1
integral J'xz"e‘axz dx=a 21“(n +%]].

3bh? 3bh? 3bh? 15bh?
Q) —— bh) —— C) ——— d ——
(@) 4m’w? (b) 2m’w? © 27rm’w? @ 4m’w?®
Ans.: (a)

Solution: H'=bx*,V(x)= %ma)zx2 .

174 max?
Correction in ground state is given by E§ = (wo|H w0 ) wherey, = (%) e 2
T
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1
:]C'y/;bx“yxodx :(r;—] bjxe h dx ( j bj

—00

.. . LT 2 1
It is given in the equation J' x*"e ¥ dx = o "2 (n +Ej

Thus n=2 and a=%
° m % mo) 2 1
=) o e o[ ) (1) (2]
i hr h 2

-5

1
) 5 2
o )2 (me) 2 2
hAin h 2 4miw?

Q10. Let |0) and |1) denote the normalized eigenstates corresponding to the ground and first

excited states of a one dimensional harmonic oscillator. The uncertainty Ap in the

state%(}0>+|1>), is

@) Ap=+hmma /2 (b) Ap=+vEmw/2
(c) Ap=vhimw (d) Ap =+ 2imw
Ans.: (c)
Solution: |w>:%(|0>+|l>), p=i meh(afr —a)
a'[y)=—=(v1 [)++2[2) ) and dly)=—=(0+~10))
V2 V2
(p) =iy "2 ((wla’ —alw}) =0, p?=-T2(a" ol - (2N +1))

e L T e e B G L
Ap=(p*)=(p)" =/mwh
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Q11. The wave function of a particle at time t=0 is given by|y(0)) :i(ju1>+|u2>), where

2

lu) and |u,) are the normalized -eigenstates with eigenvalues E, and E,
respectively, (E, > E, ). The shortest time after which |w(t)) will become orthogonal to
|w(0)) is

—hr hr NOYY 2hr
(a) 2(E2 - El) (b) Ez - El (C) Ez - El (d) Ez - El

Ans. : (b)

soton: [y (0) = (1) +11)) = o () =< [} * e |

—iEt —iE,t

|w(t)) is orthogonal to |y(0)) 3<W(0)‘W(t)>=03§e h +2e =0

—iExt —iEat —iEat —iEat i(Ez—El)
=>e" +e’ =0=e" =" e " =-1
(Ez - El)t 7h
= C0S————=Co0Szt=>t=
Ez T E1

Q12. A constant perturbation as shown in the figure below acts on a particle of mass m

confined in an infinite potential well between 0 and L.

The first-order correction to the ground state energy of the particle is

V, 3V \Y 3V
a) — b) —2% c) > d —2
(a) i (b) 2 (c) 1 (d) i
Ans. : (b)
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NET/JRF (JUNE-2012)

Q13. The component along an arbitrary direction i, with direction cosines (n n,,n ) of the

x1 iy iz

spin of a spin —% particle is measured. The result is
(3) 0 b) +n. © +2(n, +n, +n,) @ 2
2 2 2
Ans. : (d)

0 1 0 —i
Solution: S, _n . S, Fiic : .S, b
2\1 0 2\ 0 2

— — ~ ~

n=n,+nj+nkand n?+n?+n?=1,S=Si+S,j+SkK

| S+
=

Let 4 is eigen value of fi-S
n, E_ﬂ“ E(
2 2

h . h
E(nX +|ny) -n E—/I
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) 242 2
:_[nZh_xj[nZhJ&J_h—(ni+n2):0:>— LY —h—(”f”‘;)zo-
> > 4 y 4 4

? h
:—T(nf+n§+nf)+ﬂf :O:>/1:J_r§.

Q14. A particle of mass m is in a cubic box of size a. The potential inside the box

(O <x<al<y<al<z< a) is zero and infinite outside. If the particle is in an

232
eigenstate of energy E = 13”; , Its wavefunction is
3/2 3/2
@ w= (Ej sin S7x sin STy sin b2 (b) w = (E) sin 77X sin 4ry sin AL
a a a a a a a a
3/2 3/2
©) = (Ej sin 27X gin 87Y i 272 (d) v = (Ej sin X sin 22 gjn 372
a a a a a a a a

Ans. : (d)
z\ﬂzhz _147[2?12

“/oma?  2ma?

P _ (2 2
Solution: E, , _(nX +Nny+n

=n;+n;+n;=14=n,=1Ln =2n, =3,

Q15. Let y,, denote the eigenfunctions of a Hamiltonian for a spherically symmetric

potential V(r). The wavefunction y =%[yxm +~/5y,, +\/El//211] is an eigenfunction

only of

(@ H, *and L, (b) H and L, (c) H and L° (d) L* and L,
Ans.: (c)
Solution: Hy = Enw

L2y =1(1 +1n%y and Ly = mhy .
Q16. The commutator [x?, p? | is

(@) 2inxp (b) 2ia(xp + px) (c) 2iapx (d) 2ia(xp — px)
Ans. : (b)
Solution: [xz, p2]: x[x, p2]+[x, p2]x: xp[x, p]+x[x, p] p+ p[x, p]x+[x, p] px
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X2, p2]= xp(in)+ x(in)p + p(ifn)x + (i) px = 2ifa(xp + px).
Q17. A free particle described by a plane wave and moving in the positive z -direction
undergoes scattering by a potential

V(r)= V,, if r<R
“lo, if r>R

If V, is changed to 2V,, keeping R fixed, then the differential scattering cross-section, in

the Born approximation.

(@) increases to four times the original value
(b) increases to twice the original value

(c) decreases to half the original value

(d) decreases to one fourth the original value

Ans.: (a)
V,, r<Rr
Solution: V (r)=1 °
0, r>R
. . m 4 5
Low energy scattering amplitude f (6’,¢) == > Vo Y

3 2
And differential scattering is given by ig _ | f |2 _ (2mVOR )

3n°
2 2
2m(2V,)R® 8
Now V/(r) = 2V, for r<R:>d02: ( 20) =4 2mV02R =4d61
dQ 3n 3n dQ
Q18. A variational calculation 1s done with the normalized trial wavefunction
w(x)= K\/ﬁ_i(az — x2) for the one-dimensional potential well
0 if [x<a
vi={> M
o0 if X >a
The ground state energy is estimated to be
5h° 3’ 3n? 5h°
a b c d
@ 3ma’ (®) 2ma’ © 5ma’ (@) 4ma?
Ans. : (d)
Solution: w(x)= \/@(az ~x%), V(x)=0,){<aand V(x)=c0, |x>a

4a?
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—-n? %y
2m ox?

P o P | e (R

—a —a

(E)= 'TwdeX where H =

2 a 2 3 2
16a> 2m 7, 16a>m 3  4ma

Q19. A particle in one-dimension is in the potential

o , if x<0
V(x)=<-Vy , if 0<x<I
0 , if x>I

If there is at least one bound state, the minimum depth of potential is

her? her? 2h%r? hir?
5 (b) 5 (c) : @ -
8ml 2ml ml ml

(@)
Ans. : (a)
Solution: For bound state, -V, < E <0
Wave function in region l,y, =0, w,, = Asinkx+Bcoskx,y,, =ce "
I I 111
\J2m(-E
where k = Zm(;l/§+E),y— h(2 ) _V°0 I

Use Boundary condition at x = 0and x =1

(wave function is continuous and differential at x =0and x = 1), one will get
kcotkl =—y = klcotkl = —yl = n=-Ecot& whereyl =7, kl=§.

2mv,|°
:—2

=n’+&° .

2mV,l? R n’h?
12 j 2 70 sml? E

For one bound state(
Q20. Which of the following is a self-adjoint operator in the spherical polar coordinate
system(r, 6, ¢)?
in 0 0 in o

. o 0
— b) —ih— C)——— d) —iasind—
sin® @ 00 ®) 00 © sing 06 @ 00

(@) -

Ans.: (c)
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Solution: lhi is Hermitian.
sind 06

NET/JRF (DEC-2012)
Q21. Letv, p and E denote the speed, the magnitude of the momentum, and the energy of a

free particle of rest mass m. Then

(a) d%p = constant (b)p=mv

_Cp — me2
(C) v /\/m (d) E=mc

Ans.: (c)

pz .
T e+ p? \ p*+m?c?

CZ

p2v2
—— = m’’ = p’ —=——, m—> rest mass energy
c

Solution: p=m'v=

Q22. The wave function of a state of the Hydrogen atom is given by,

W= Wt 205 + 30y + \/El/jzl—l

where ., is the normalized eigen function of the state with quantum numbers n, I, m in

the usual notation. The expectation value of L, in the state y is

15h 117 3n h
a) — b) — c) — d) —
(@) (b) = (©) 3 (@) 3
Ans. : (d)
o . 1 V2
Solution: Firstly normalizey , W=EW200+\/E1//211+\/El//210+ﬁl//21_1
P(0R)= = + 2 =2
16 16 16
- . : 4 2
Probability of getting (17) i.e. P(7)=— and P(-7r)=—.
16 16
L
Now, <LZ>=M 071 x E+1h><i+( 17)x 2 Ay 2, 2, 0
(v|w) 16 16 16 16 16 16 8
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Q23. The energy eigenvalues of a particle in the potential V(x) = %ma)zx2 —ax are

2 2
(@) En:(n+1jha)— a 5 (b) En:(n+1jhw+ 2 5
2 2mo 2 2mw
2
(© En:[n +1jha)— a 5 (d) Enz[n +1jha)
2 mao 2
Ans.: (a)
2
Solution: Hamiltonian (H) of Harmonic oscillator, H = sz +§ma)2x2
m

Eigenvalue of this, E, = (n +%)ha)

2 2 ) )
But here, H = +imotx —ax = H =Py Lnee| xe - 2ax2+ ? 7 - 2
2m 2 2m mo° m‘w 2Mo
2 2 2
H=Poy Lnpelxo a2 __4 :
. 1 az
Energy eigenvalue, E, =| n+= [how - g
2 2mw

Q24. If a particle is represented by the normalized wave function
J15 (a*=x)

v()={" s
0 , otherwise

,for —a<x<a

the uncertainty Apin its momentum is

(@) 2n/5a (b) 57/2a () v10n/a (d) V51/~2a
Ans. : (d)
. 0
v |—-1h—|y
Solution: Ap = <p2>—<p>2 and <p>:<|<l//|—5>><|>
a \/15(a% - x? 15 o
={p)= f%z)(—'h)élas/g (a7 o

—a

= j 1225 (~in)a? - x2 - 2x)dx = +ih 1211:5 _Ta(azx— x*)dx=0, (- odd function)
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()= x oo [ - O oo

16a5
15 2 15 x3)°
=—h?x x(=2)la? =x?Jdx =h®x x29a? X ——
16a° ( )_L( K 16a° 3/,
2 2
PN 155x2 2a3_2a _p2y 15 2><2 [1_1}:15;12 2 _5n
16a 3 16 a° 3| 422 3 242
572 NG,

Now,  4p=[[57] (" = |20 =32

Q25. Given the usual canonical commutation relations, the commutator [A,B] of

ADnS. :

A= i(xpy - ypx) and B = (ypZ + zpy) IS
(a) h(xpz - pxz) (b) _h(xpz = pxz) (C) h(xpz i pxz) (d) _h(xpz + pxz)
(c)

Solution: [A, B]=|(ixp, —iyp, ) (yp, +2p, )|

Q26.

ADnS. :

A B]=ilxp,,yp, |-ilyp,. yp,]+ilxp,.2p, |-ilyp,.2p, |

A.B]=ilxp,.yp, |- 0+0=ilyp,.zp, |=i[xp,.yp, ]-ilyp, zp, |

A.B]=ix|p,. yp, [+ilx. yp,Ip, —iy|p,.zp, |-ily. 20, p,

ABl=ix|p,.yp, |+ 0-0=ily.zp, |o, =ixp,.yp, |-ily.zp, |p,
B]=ixx(-in) p, —izinx p, = a[xp, + zp, ]

A.B]=n(xp, + p,z)

[
[
[
[
[A
[

N . . . 1.
The energies in the ground state and first excited state of a particle of mass m =5 in a

potential V(x) are —4 and -1, respectively, (in units in which 7=1). If the
corresponding wavefunctions are related by y,(X)=,(x)sinhx, then the ground state

eigenfunction is

(a) v, (x)=/sechx (b) w,(x)=sechx
(c) w,(x)=sech’x (d) w,(x)=sech’x
(©
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Solution: Given that ground state energy E, =—4, first excited state energy E, =-1 and v, v,

are corresponding wave functions.

Solving Schrédinger equation (use m =% andh =1)

—h* 0w %y,
o OXZO +Vy,=Ey, =- ° Vi, =4y, ...... (1)
—h* Oy, o'y,
— = = - +Vy, ==y, ........ 2
om ox2 Ev, Py v, =1y, (2)

Put w, =, sinhx in equation (2) one will get

Y
0 "/20 .sinh x + Z%COSh X+w,sinh x}er//O sinh x = -y, sinh X

A2
66;120 +2 5Zo coth X+w0}+Vwo = -y,

2
{_ @a‘/;o +V%}_zaa% coth X~y = —y, using relation —aa% Vo =—4y,
x X

Ay, -2 aa% cothx—y,=-y, = Wo _ 5 tanhxdx = w, =sech’x.
X

Yo

NET/JRF (JUNE-2013)

Q27. In a basis in which the z - component S, of the spin is diagonal, an electron is in a spin

(1+ i)/\/g
V213
hl2and —#/2 are, respectively,

(@ 1/2 and 1/2 (b) 2/3and 1/3 (c) 1/4 and 3/4 (d)1/3 and 2/3
Ans. : (d)

statey [ J The probabilities that a measurement of S, will yield the values

1 0
Solution: Eigen state of S, is |¢l>:[0] and |¢2>:(J corresponds to Eigen value % and —g

respectively.

) _Kalv)l _peif 21 o my_elvl 2
P(j (wly) |J6| 6 3 P( j (wly) 3

5) =

2
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Q28. Consider the normalized state| 1//> of a particle in a one-dimensional harmonic oscillator:
|v)=b[0)+b, 1)
where |0) and |1) denote the ground and first excited states respectively, and b, and b,

are real constants. The expectation value of the displacement x in the state |¢//> will be a

minimum when

_0h - _1 _1 _
(a) b, =0,b, =1 () b, = b, ©) b, =5b, (@) b, =b,

Ans. : (d)
Solution: (x) = b?(0[x|0)+ b (1|x|1) + 2b,b, (0|x|1)
Since (0|x/0) =0and (1|x/1) =0 = (x) = 2b;b,(0[X|1) .
Min of (x) means min2b;b,. We know that b +b; =1.
(80 = ()7 (b7 +52) 0013 =L+, ~2f0lst) = o, b, Jop wit
be minimum and minimum value of [1—(bl —bz)z] there must be maximum of (b, —bz)z,

so=b =b,
Q29. The un-normalized wavefunction of a particle in a spherically symmetric potential is
given by
w(r)=2t(r)
where f(r) is a function of the radial variable r . The eigenvalue of the operator
L? (namely the square of the orbital angular momentum) is
(@) n° /4 (b) #° /2 (c) n° (d) 2n°
Ans. : (d)
Solution: w(r)=zf(r) = rcosé f(r)
w(r=Y(6. ¢)), Ly (r)=LY,(6, ¢), where | =1

L2 =1(1+1)p° =1(1+1)n° = 2h
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Q30. If y,, denotes the eigenfunciton of the Hamiltonian with a potential V =V/(r) then the

expectation value of the operator L2 + LZy in the state

v = %[31//211 W10 ~15Y51 4 |
[
(a) 3972 /25 (b) 1312 /25 (c) 2h? (d) 2612 /25
Ans. : (d)
Solution: L} + L2 =L -1 = (L2+L%)=(L"-L2)=(L")-(L2)

(L) -(L2)=2n" —[%xlﬁz +%x0h2 +%xlh2j

<L2>—<L2> ot 22 _50=24,, 26,

25 25 25
Q31. Consider a two-dimensional infinite square well
0, O<x<a, O<y<a
V(xy)= _
00, otherwise

. : [ 2 . (N
Its normalized Eigenfunctions arey, (x y)——sm(nxﬂxjsm( ! yj,
A a a

where n,,n =1,2,3,..

V, 0<x<2 0<y<?Z
If a perturbation H'={"o °<X< 2’ <Y <§ is applied, then the correction to the

0 otherwise

energy of the first excited state to order V, is

Vo V, 64
® e
V, 16 V, 32
(c) T{ligﬂz} (d) T[li 9”2}
Ans. : (b)

Solution: For first excited state, which is doubly degenerate
2 2
L Jg)=

zn[ 27 Jon[ %)

|¢1>:—sm?sm
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2 al2 27Z'y 11 V
H“:<¢1|H|¢l>=VOEJ.o sin (ajdx .[ sin ( . de:VO.E.E:IO

B TX . 21w X al2 . 21wy y
H, =(¢|H|¢,) =V, j sm—sm—dxa'[0 sin = ——=sin—-dy
4 4 16 16
L e
V_o_ 16V, , )
4 972_2 _ V_O_ _ 16V0 _
Thus 16VO VO A —0:[4 /’ij (972_2 =0
2
or 4
= V—O—i :i16V2° :i:\&(li 642j
4 O 4 O

Q32. The bound on the ground state energy of the Hamiltonian with an attractive delta-

function potential, namely

using the variational principle with the trial wavefunction w/(x)= Aexp(— bxz) is

Note :.[e*‘tadt =T(a+ 1)}
0

(a) —ma’/4zh*  (b) —ma®/2zh*  (c) —ma®/xh? (d) —ma?/~/57h?
s.: ()

2
Solution: For given wavefunction (T >=— and (V) =- ‘/ = (E) :Z—r:—a 2
T
2,2
For variation of parameter ——~ < > = < > a\/z Lo _gopo2m ? .
db db 2m T 2 7h

2

ma
:><E>min = 727‘12 '

Q33. If the operators A and B satisfy the commutation relation [A,B]=1, where | is the

identity operator, then

(a) [e*,B]=¢" (b) [e*.B]=[e®, Al
© [¢".B]=[e", A (d) [e*,B]=1
Ans.: (a)
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A2

Solution: [A,B]=1and e" :{1+?+—+ ....... }

Q34.

AnS, :

2

[eA,B]={1+?+At22+ ....... ,B}=[1, B]+[A, B]+—A|’gB]+[A|’§B]
e, B|=0+1 A[A, B]+[A B]JA A[A’,B|+[A’B]|A
e”,B]=0+1+ o1 + 3 +o

[¢* B]=1+ A+':—j+....:eA where [A,B]=1,|A? B|=2A and [A® B]=3A%.
Two identical bosons of mass m are placed in a one-dimensional potential
V(x)= L mw?x?. The bosons interact via a weak potential,
V,, =V, expl- m(x, — x,  /4h]
where x, and x, denote coordinates of the particles. Given that the ground state

n I’TM)X2

. : b g M \4
wavefunction of the harmonic oscillator is Wo(x):(_;)j e 2" . The ground state
T

energy of the two-boson system, to the first order in V,, is

(@) ho+ 2V, (b) hoo+ 2o
w

(©) ha+V, [1+%j (d) ha)+VO(l+%j

(©)

Solution: There are two bosons trapped in harmonic oscillator.

So, energy for ground state without perturbation is, 2- h7a) =hw
If perturbation is introduced, we have to calculate (V, ,)
where V,, =V, exp[—mQ(x1 ~X,)’ /4h} :

mox?  mox?

: mew\2 - : :
But calculating (V,,) on state g, (x)= (—?J e 2" e 2 | isvery tedious task.
T
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So lets use a trick i.e perturbation is nothing but approximation used in Taylor series. So

just expand V,, =V, exp[—mQ(xl —X, )2 / 4h] and take average value of first term

O(x —x. ¥
V1,2 =VO eXp[_mQ(xl_X2)2/4hi| =V0 [1%4.]

4h
mQ(x12 +X5 —2x1.x2)
=V,| 1- 17 +..

h h
V) =Vo[l Q(<X12>+<X22>2<X1>.<x2>)+“} e mQ(Zma)JFZma)_Oj
' 4 e
= M) =V, (1——) ~ (HEJZ , S0 E=hw+V0(1+£j2.
20 20

NET/JRF (DEC-2013)

1+i
Q35. A spin % particle is in the state y = L ( 3 J in the eigenbasis of S* and S,. If we

V11
L : h h .
measure S, , the probabilities of getting +§ and 5 respectively are
1 1 2 9
a) — and = b) — and — c)0and1l d—and—
(a) 5 5 (b) T (c) (d) 1
Ans. : (b)
(7)) 1 (140 1 2
Solution: P —x2=— =1
2" m N s ) W)

01)[1?}‘ _9

i.e. probability of S, getting (9 and (—9
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Q36. The motion of a particle of mass m in one dimension is described by the
2

Hamiltonian H :p—+%ma)2x2 + AX. What is the difference between the (quantized)

2m
energies of the first two levels? (In the following, <x> is the expectation value of x in the

ground state)
@) ho—A(X) (b) hew+ A(X) () ho + > rj
Ans. : (d)

2

(d) ho

>
2
p

Solution: H :2—+%mco2x2 +Ax =V (x) =%ma)2x2 + AX

m
2 2
ix}zéma){xﬂz-x- A + 4 A }

V(x):lma){x%

2 mao’? me® me' mio’
1 A A2
V(X)==me?| x+ —~
(x) [ mwzj 2ma?

2
2
wE, = n+1 hao— 4 5 :El—Eozghw—iha):ha)
2 2Me 2 2

Q37. Let w,, denote the eigenfunctions of a Hamiltonian for a spherically symmetric

potential V (r). The expectation value of L, in the state

1 .
Y= g[‘/fzoo + \/5'//210 + \/E‘/IZH i @l//ﬂl] 1S

5 5 5
Q) ——h b) =h c) h d) —n
(a) " (b) 5 (c) (d) 18
Ans. : (d)
- 1 5 10 20 10, 5 N
Solution: <LZ>:<1//|LZ|1//>— £x0h+£x0h+£x(—lh)+£(lh) =%h:E wlw)=1

Q38. If z,y(x): Aexp(— x“) is the eigenfunction of a one dimensional Hamiltonian with eigen
value E =0, the potential V(x) (in units where 7 = 2m =1) is
(a) 12x° (b) 16x° (c) 16x° +12x° (d) 16x° —12x?
Ans. : (d)
Solution: Schrodinger equation
~V’y +Viy =0 (where A=2m=1and E =0)
52

_a><_2(AeX4 )+VAe’X4 -0= —%[e“ x—4x3}+Ve’x4 =0
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allaxze™ + x?(axte™ Jl+ve =0 = 12x%e —16x%™" +Vve' =0
=V =16x° —12x?
Q39. A particle is in the ground state of an infinite square well potential is given by,

0 for—a<x<a
00 otherwise

The probability to find the particle in the interval between —% and % is

1 1 1 1 1 1
(@) 5 (b) E+; (©) 5 (d) p

Ans. : (b)

Solution: The probability to find the particle in the interval between —% and % IS

al2 [ al2
1/ ‘/ cos— cos—dx— j icoszﬁdx=£xl j (1+c052—ﬂxjdx
2a \Z2a 2,a 2a el 2a

al2 -
_i{x+—smﬁ} _ 1 [a+g a(1+1)} 1 [a+@ :(1+£j
2a 2

T a_a,22a227z a 7| \2 =«

Q40. The expectation value of the x- component of the orbital angular momentum L, in the
By B ]
state y = g BWan1 t VW10 — V1Y, 4
(where y,,, are the eigenfunctions in usual notation), is
110 110
()——(J_—s) (b) 0 ()—(J_ 3) d) m2

Ans. : (a)

Solution: L_[1,m)=/I(1+1)-m(m-1)[l,m-1)

—m(m+1)a|l,m+1)

2
1
~5 [Bﬁh Yoo+ V521 ‘//211}
1 1 1
L = —.3V10ii ——+/110h = —~/10(3—+11
witdy)=— 3J10% oo 110n=—-V10(3 V11)n
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Q41.

AnS. :

= %[\/Eh\/g‘ﬂ 21 —N 21y 210}
(|L ) = 30— IOTTn
()= - L e

2
(L |y)= —3J_h-—d_f - —K(F 3)

A particle is prepared in a simultaneous eigenstate of L* and L,. If I(1+1)A* and mn
are respectively the eigenvalues of L* andL,, then the expectation value <L2X> of the

particle in this state satisfies
(@ (L3)=0 (b) Os<Li>s€2h2

C(e+1)n? @ <(L >££(€+1)h2

(© 0<(L2)< 5 >

(d)

Solution: (L) = %(I (1+2)7° —m’%?)

For max value m =0 and for min m=1

2 2

I _ BE I(1 +1)n

2 2

A, B,C are Non zero Hermitian operator.
[AB]=C=AB-BA= AB-Ab=0=C

but C=0

if AB=BA  ie. [AB]=C false )
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NET/JRF (JUNE-2014)

Q42. Consider a system of two non-interacting identical fermions, each of mass m in an

infinite square well potential of width a. (Take the potential inside the well to be zero
and ignore spin). The composite wavefunction for the system with total energy
57°h?

E—
2ma’

is

(a) 2 sin| 2 sin(znxzj—sin(hxljsin(&j
a a a a a
(b) 2 sin| 24 sin(znxzjjtsin(zmljsin(ﬂj
a a a a a
(c) 2 sin| 2L |sin 37, —sin 37, sin| 22
a a 2a 2a a

(d) 2 sin| 2 cos(ﬁj—sin(&jcos(ﬁ)
a a a a a

Ans.: (a)

Solution: Fermions have antisymmetric wave function

st o e 5 ]

B 57%h?

2

wE

n

=n, =1, N 2
Q43. A particle of mass m in the potential V(x, y)=%ma)2(4x2 + yz), is in an eigenstate of

energy E = gha) The corresponding un-normalized eigen function is

Mo (, , 2 mow(, » 2
@) yexp{——Zh (2x +y )} (b) xexp{— ey (2x +y )}
(©) yexp{— 5 (x +y )} (d) xyexp{——Zh (x +y )}
Ans.: (a)

Solution: V(x, y) = %mcoz(4x2 +y?) E= gha)
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fiziks
LISIK2

Q44.

Q45.

=V (X, y):%m(Za))2 x? +%ma)2y2

Now, E, = [nx +1jhcoX +(ny +£jha)y = (nx +£j2ha)+(ny +1jha)
2 2 2 2

=E, :(an+ny +§jha)
2

= :gha) when n, =0 and n, =1 .

A particle of mass m in three dimensions is in the potential

V(r):{o' r<a

00, r>a

Its ground state energy is

n*h? *h’ 3r°h? 97’h?
a b C d
@ 2ma’® (®) ma’ © 2ma’ (@) 2ma’
(@)
: p? \du(r) 1(1+1)
Solution: | — + +V (rju(r)=Eu(r
e e RUNUSLYY
d?u(r) 2mE
———J—_K%(r) K= ,1=0,V(r)=0
e =-iu(r) k= 2 =0, v (1)
u(r)= Asin Kr+BcosKr
Using boundary condition, B =0,

T’
u(r)=AsinKr,r=a,u(r)=0=sinka=0=>Ka=nz=E= o n=1
Given that p, = —ih(§+1j, the uncertainty Ap, in the ground state

ror
wo(r)= L e ot the hydrogen atom is
73
h 2n h 2h
(@ — (b) €) — (d) —
a, a, 2a, a,

ADns, :

(@)
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A (0 1 B _r/ B 2
Solution: pf:_'h(E+Fj’ wo(r)= e "% AP = <P2>—<Pr>

rad
Tl . { : [a 1J'e-”a° 2
Now (P, ) = e e =ik —+— Arredr
< > !/ﬂag { or r)| mal

:_4”'3h Ie"“"°[e‘r“‘°[—i +Ee‘”""°]r2dr}
my | a, r

Arin| 1% _ T
=- ——je 2riz r2dr+J're 2rle gy
a‘O 0

_47rihi[ 2! }{ 1! ]
oy | a((2/a) ) ((2/3) )]

a2 |t el (1) 20 1) )|
= N <. d
mal he ke La§J+r g aoJe J o
47", .. By L, } A2l 1 21 2 11
— 1" N d dr|=— il _c
aéu g r O.([re S % (2/3,) % (2/a,)

) -RY - 0L

Q46. The ground state eigenfunction for the potential V(x)=-&(x) where () is the delta
function, is given by zp(x): Ae~"*I where A and « >0 are constants. If a perturbation

H'=Dbx? is applied, the first order correction to the energy of the ground state will be

@ 2 (b) ai © j—b

\/_ 2

H.No. 40-D, Ground Floor, Jia Sarai, Near 11T, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

205



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Ans. : (d)
Solution: V (x) =-&(x), w(x)= Ae

(wlw)=1=p(x)=Jae
jfe “Mx? \Jore ™ dx

= (4,

Iae 2eM gy 2gx = b_[ ae 2 Mx2dx = bo{j xzez"xdx+j x%e Z“de:l = bo{ szez’“dx}
—o —0 —0 0

I I
Iae ey 2dx = 20| ——— 2! — 2><ba2—= b2
(2a) 8a’ 2a

Q47. An electron is in the ground state of a hydrogen atom. The probability that it is within the

Bohr radius is approximately equal to

(3)0.60 (b) 0.90 (c) 0.16 (d) 0.32
Ans. : (d)
2
Solution: Probability: j e %) Azr?dr = Ir e 2%y

e 0

4e* 4

:i__ﬁi_ﬁi_iﬁ_ﬂ:4{_i+1}[_5xi+1}

=[-5%0.137 +1] =[-0.685+1] = 0.32

H.No. 40-D, Ground Floor, Jia Sarai, Near 11T, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

206



fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Q48. A particle in the infinite square well potential

V(x)— 0 , O<x<a
“lo , otherwise

is prepared in a state with the wavefunction

Asins(ﬁ—xj, O<x<a
w(x)= a

0 , otherwise

The expectation value of the energy of the particle is

5h% 72 Oh’r? Oh’r? hir?
(@ > (b) > (©) ; (d) ;
2ma 2ma 10ma 2ma
s.:(c)
_ 0, O<x<a Asind| 72| o0<x<a
Solution:V (x) = ) (x)= a
0, otherwise L
0 , otherwise
w(x)= Asin{”—xj: A%s n——Al % (-sin3A=3sin A—4sin’ A)
a
Al a [2 . 37X A a
=—|.[=4[—x3sIn sin— =—3,/=d (X
4{[2\[5 \f\f } 4{ \Eﬂ( )
10a 32
1:>9—A2 A N R Ny S
wly)= 32 10a

1

( \/7 10a¢1 \/7 02" J %@(X)—E%(X)

’n? 97°h?
Now, El—ﬁ’ E3:27|;a2 =(E)=2,P(a,)
(alw) 9 (@)
Probability P =—, P(E;)= =—
VPETG ) 0 P )

9 7h* 1 9r’h? 97°h*
<E>_EX 2ma? 10 . 2ma’ =(E)=
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Q49. Suppose Hamiltonian of a conservative system in classical mechanics is H = wxp, where

@ 1s a constant and x and p are the position and momentum respectively. The

corresponding Hamiltonian in quantum mechanics, in the coordinate representation, is

. o 1 . o 1
- 0 ihw 0
(C) — |ha)X& (d) —TX&

Ans. : (b)

Solution: Classically H = wxp , quantum mechanically H must be Hermitian,

So, H :%(xp+ px) and Hw:%(xpy/+ pxy )

® Oy —ino(xy)) o, . ( oy Oy j
Hy = 2| x(=in = 2 (=im)| x L x Y
- 2[)((')ax+ ox 2 X5t X Y

= Hy =—_|Zw(2xaa—l)/(/+l//j = —ihw(x%+%)w

Q50. Let y, and w, denote the normalized eigenstates of a particle with energy eigenvalues

E, and E, respectively, with E, > E,. Attime t =0 the particle is prepared in a state

1
#(t=0)=—li+v.)
The shortest time T at which W(t = T) will be orthogonal to ¥(t = 0) is

2hr hr 7¥/4 7¥/4

(a) (Ez Y E1) (b) (Ez - El) (C) Z(Ez - El)

Ans. : (b)

Solution: I//(IZO)Z%(I//1+I//2) and y( :T)z%e h l//l+$e A
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Q51. Consider the normalized wavefunction
P=ayy +aW tay,,
where . IS a simultaneous normalized eigenfunction of the angular momentum
operators L and L,, with eigenvalues I(I+1)h2 and m# respectively. If ¢ is an

eigenfunction of the operator L, with eigenvalue 7, then

(@) a, =-a;=—, a2=% (b) alzaszé, azz%
1 1
=d3 = 2 T T T d 1 = Ay T gy
() a, =4, a 5 (d)a, =a,=a 5
Ans. : (b)
. L +L
Solution: L,|¢)=17|g) = lw)=A4lw)

For L., L, [a1W11 +a,p, t+ a3'//1—1] = 2,07y, + az\/Eh‘//n 1 aS\/Ehl//lo
:az\/gh'//n"'aa\/zh'//lo

For L, L [a1V/11 Tay t asl/ll—l] P ai\/Eh‘//m i az\/EhV/H

Given = |¢> n|g)
=) - [a 2y +(3+ a2y + a2y |
) L +L

|¢> h[a1V/11 +a,p+ asl//l,l] (Given)

Thus%:q:%:ﬁai
& +a; _ _ a2 B
7 =a,= - —J2a,=a =3, .a1+a2+2_1
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Q52. Let x and p denote, respectively, the coordinate and momentum operators satisfying the

canonical commutation relation [x, p]=i in natural units (7 =1). Then the commutator

[x, pe“’] is
(@ i(1-p)e® D i(1-p*)e?  (©iL-e) (d) ipe
Ans. : (a)

Solution: - [x, p] =i

[x, pe‘p] =[x, ple”"+ p[x,e‘p] =ie "+ p{x,l— p+pE22—pt;...}

=je" + p[[X,l]—[x, p]{x%}} =ie™? + p{O—HE— 3

:{X’ pe_p} =ie™? —i{p— p? L } =ie”" —ipe ? =i(1-p)e’

Q53. Let 6 =(0,,0,,0,), Where o,, 0,, o, are the Pauli matrices. If 4 and b are two

arbitrary constant vectors in three dimensions, the commutator [é .&,b- 6] is equal to (in

the following | is the identity matrix)

@) (a-b)(o, + o, +0,) (b) 2i(axb)&
(© (a-b)i (d) |a][5 ]
Ans. : (b)

Solution: & = a,i +a,] +a;k, b=bi +b,j+bk, o=, +0,j+0k

g

[a-&,

Qi

,5-6} = [apx +a,0, +3,0,, bo, +b20y + b3az]

(ox]

-6} =ab[o,,0,]+ab, [ax,ay]+a1b3[0'x,az] +a2b1[ay,JX]+a2b2 [ay,ay]

+a,b, I:O'y,O'Z:' +a3b1[0'2,ax]+ ab, I:O'Z,O'y:l+ a3b3[0'2,0'2]
=ab -0+ab, 2ic, —2iab,o, —a,b, - 2ic, +0+a,b, - 2io, +ab, - 2ic, —a,b, - 2ic, +0
—

-&,6-5]==2i(ax6)-6

jabs
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Q54. The ground state energy of the attractive delta function potential

V(x)=-bs(x),
where b > 0, is calculated with the variational trial function
Acosﬁ for —a<x<a,|.
w(x)= 2a is
0, otherwise,
mb? 2mb2 mb? mb?
) ——— b) - —— C) ——— d) -———
(a) pErY (b) (© Y (d) ey
Ans. : (b)
Solution: V (x) =—bs (x); b>0 and y/(x):{Acos;[—;(; —a<x<a
Normalized y = ‘/icosﬂ—x
2a 2a
a n o '
T)= dx =
T J.-aw [2 jax Y Bma?
a . 2 b
= -bo(X)ydx=—(-b)=——
[y =bo(x)pdx=o—(=b) =——
232 a E _ 232 _ 232 232
(E) = ”hz b { >: 27”2 +%:o: T h—0ma=Frt
8ma® a oa 8ma a 4ma 4mb
22 ’n*(4mb)” b 2
Put the value of a in equation: (E)= Ay b_* ( ) (4m )— Zsz
gma’ a gm(ﬁth) (72' ) A'n
Q55. Let |y)=c,|0)+cy|1) (where c, and c, are constants with ¢, +c/ =1) be a linear
combination of the wavefunctions of the ground and first excited states of the one-
dimensional harmonic oscillator. For what value of c, is the expectation value (x) a
maximum?
h 1
a R— b X) = _, Ch =—
(@) (x w/ \/— (b) (x) om0 2
h 1
Cc d X)= —_—, Ch =—
c) (x ,/ (d) (x) — G=3
Ans. : (c)
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Solution: |y)=¢,|0)+c,|1)
(X)={w|X|v)

= (X )= 26,6, (0] X [1) = (c3 +7) = (e =) | (0] X [2) = 2~(c; —&,)" | (0| X |3

Formax (X)=c,=¢, -.-c§+cf:1:>c0:%
= (X)=2-=— (0| [1) = (0] X |1
J2 2

\/%«O|a+a*|l>):><x>:\/%

Q56. Consider a particle of mass m in the potential V(x): a| x|, a>0. The energy eigen-

values E,(n=0,1, 2, ....), in the WKB approximation, are

(a) [ Sanx [n +EJT3 (b) Sanz (n +1]_2/3
som\ 2 42m\ 2))
3anr (1 [Banz (- 1)]"°
© wﬂ(”ﬁj @ _4m(”+5j_
Ans. : (b)

Solution: V (x) = a|x|, a>0

According to W.K.B., J'az pdq = (n +%)h where a, and a, are positive mid point

2

E:E—m+a|x|:>P=\/M —E/a\ / Ela
[ Jm(e—aljoc=( L)
" (e )
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2m(E-ax)=t, At x=0, t=2mE; x=E/a, t=0

2mE
= [n +1)h
0 2
:>ﬂmat3’2 ‘sz = (n +£jh :>ﬂma(2mE)3/2 = (n+£jh
3 0 2 3 2

2/3
:%-23’2am5’2E3’2 :(n"'%jh ~E :[ 3anr (n_'_lﬂ

4+/2m 2

Q57. The Hamiltonian H, for a three-state quantum system is given by the matrix

= —2madx =dt

= 2maj02mEtl’2dt = (n +%jh = 2ma§t3’2

100 010
H,=|/0 2 0|.When perturbedby H'=e|1 0 1| where e<<1, the resulting shift
0 0 2 b 1 [0

in the energy eigenvalue E, =2 is

(@ e-2¢€ (b) —€ 2€ (c) te d) t2e€
Ans. : None of the answer is correct.
(1 0 0) (0 1 0)
Solution: H, =Lo 2 oJ, H' =¢, Ll 0 1J
0 0 2 010

(2 0). | (0 1) . N .
in H, is not EOL J in H' because H' is not in block diagonal form. So we
LO ZJ 10

must diagonalised whole H'. The Eigen valueat H' =0, ++/2 g,, -2 ¢,.

(0 0 0 )
After diagonalisation H' =¢, {O V2 0 J , A =0 is correction for Eigenvalue at H,.
0 0 -2

So ++/2 &, is the correction for eigenvalue of H, = 2

Hence none of the options given is correct.
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Q58. The ratio of the energy of the first excited state E,, to that of the ground state E,, to that

of a particle in a three-dimensional rectangular box of side L,L and % IS

(@ 3:2 (b) 2:1 (c) 4:1 (d) 4:3
Ans. (a)
. R, ) 67°h°
Solution: E :—Z[nX +ny +4n; } for ground state n, =Ln =1n,=1=>E =——-
2mL 2mL
212 212
For first excited state n, =1, n,=2,n,=1=E=E :ﬂ—hz(1+4+4) Sz hz
2mL 2mL
B 9.3
E, 6 2

Q59. If L, are the components of the angular momentum operator L, then the operator

Zi:lyzyg[l:, Li] equals

@ L (b) 2L (© 3L (d) -C
Ans. (b)
Solution: Let L=L,i +L,j+Lk

x=1y=2,2=3

[I:,L] [L L]j+[LZ, L Jk =—iaL, j+ L kin

[CL L =in-L, L] i+ L, L Jin-ininL, - (in)L, (in)L, (in)k = 7| L, T+ LK]
similarly, [[ L ]L } h? [ Li+L 12]
[CL]L =L+ 0]

> [[LLi]Li]= 2h2[Lf Lyj+LI2}:2I: put 71=1

i=1,2,3
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Q60. The wavefunction of a particle in one-dimension is denoted by y (x) in the coordinate
—ipx
representation and by ¢ J'z// e " dx in the momentum representation. If the

action of an operator T on w (x) is given by fy/(x) =y (x+a), where a is a constant

then 'I:¢( p) is given by

—iap +iap

@ —%ap;é(p) () e " ¢(p) ©e " ¢(p) (d) [1+%apj¢(p)

Ans. (c)

—ipx

Solution: ¢(p):fy/(x)e7dx

Ty (x)=w(x+a)
—ipx —ipx —|p(x+a)

ipa
p) '[T:,// ehdx—jw x+a)e’1dx—e J"r” x+a)e dx
E
=T¢(p)=e"¢(p)
Q61. The differential cross-section for scattering by a target is given by
do —(0,4)=a* +b*cos’ 0

dQ
If N is the flux of the incoming particles, the number of particles scattered per unit time

is

(a) %N(a2+b2) (b) 47N (a2+%b2j

T , W )
(C) 47N (Ea +§b ) (d) 47N (a +§b j
Ans. (d)

Solution: 3% = a2 +b? cos? ¢
dQ
T 2r n 2z 2
o= aZJ' J. sin 6’d6’d¢+szcos2 gsin edej dg = a2.47z+b2.27z'><§: 47{6\2 +—}
00 0 0

2
Number of particle scattered per unit time, o.N =4zN (az +%J
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. . . 1 .
Q62. A particle of mass m is in a potential V =Ema)2x2, where @ is a constant. Let

a= ,/@(fwij. In the Heisenberg picture ga is given by
2h Mo dt

(@) wa (b) —iwd (€) wa' (d) iwd'

Ans. : (b)

Solution; V :%mcozx2

A ma)(A ip ]
a:,/— X+—
2h mao

~ 2 - 2 -
Ez.i LAY VL L [f),xz} :_i @(ihQJr'_w(_zX)ihj
dt A\ 2k 2m 2Mmw in\ 2h 2m 2

ma)(p . j : ma)( ipj i
= MOTP _iox | =—iw /— X+—— |=—ioa
2h \m 2h maw

Q63. Two different sets of orthogonal basis vectors

1) (0 1(1) 1(1 . . :
; and s—|  |,— are given for a two dimensional real vector space.
0)11 V2\1) 2 -1

The matrix representation of a linear operator A in these basis are related by a unitary

transformation. The unitary matrix may be chosen to be

0 -1 01 1(1 1 1(1 0
(a) (1 Oj (b) (1 0] () ﬁ(l _J (d) ﬁ(l J
Ans. : (c)

Solution'u—10 u—1 11 :u—u@u—1 11
“tlo 1)t 2l 4 N ) ]
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Q64. The Dirac Hamiltonian H =ca.p+ Smc® for a free electron corresponds to the classical

relation E? = p’c®>+m?c*. The classical energy-momentum relation of a piratical of

2
charge g in a electromagnetic potential (¢, A) is (E—-qg)’ :cz(ﬁ—%ﬂj +mict .

Therefore, the Dirac Hamiltonian for an electron in an electromagnetic field is

(a) c&.p+%ﬂﬁ+ﬂmcz—e¢ (b) c&.(ﬁ+%ﬂj+ﬂmcz+e¢
(c) c(&.ﬁ+e¢+%wj+ﬂmcz (d) c&.(ﬁ+%ﬂj+ﬂmc2 —eg
Ans. : (d)

Solution: Electromagnetic interaction of Dirac particle

1
2 5
H —[(ﬁ%] c2+mzc4] +0¢

Quantum mechanical Hamiltonian
iha—w > {c&(P —%J + fmc? + q¢}y
ot c
put q=-e
H :{cd.(ﬁ+g,&j+ﬁmc2 —e¢}
C
Q65. A particle of energy E scatters off a repulsive spherical potential

V(r)= V, for r<a
|0 for r<a

where V, and a are positive constants. In the low energy limit, the total scattering cross-

2
section is o = 4ra’ (itanh ka—lj , where k? :Z—T(VO —E)>0. In the limit V, —> o
ka h
the ratio of o to the classical scattering cross-section off a sphere of radius a is
1
(a) 4 (b) 3 ©1 @3

Ans. : (a)
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2
Solution: o = 4ra? {kitanh ka—l}
a

2
ka — o0, tanhka -1 = o = 47a’ (ki—lj
a
and ka — o, lim o, = 47a’
classically o, = 7a’ L TH g
O

NET/JRF (DEC-2015)

Q66. A Hermitian operator O has two normalized eigenstates |1) and |2) with eigenvalues 1
and 2, respectively. The two states |u)=cos@|1)+sin@|2) and |v)=cosg|1)+sing|2)
are such that (v|O|v)=7/4 and (u|v)=0. Which of the following are possible values of

6 and ¢?

__Z _ 7 _7
@ 8= 6and¢ (b) @ 6and¢ 3

Ay wI[N

(0)92—%and¢: (d)@z%and -

6
Ans.: (a)
Solution: |u)=cos@|1)+sind|2), |v)=cosg|L)+sing|2)

tisgiven  Olf)=|1),  0[2)=2[2) = (v[6|v)=

: J3 n
Sing=-—=¢="=
¢ 2 ¢ 3
(ulv)=0 = cos@cosp+sin@sing=0= cos(6—¢)=0
e 0-g="org-0=-" =" or 9= 9T r ="
2 2 2 3 3 2 6 6
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Q67. The ground state energy of a particle of mass m in the potential V (x):V0 cosh (%)

2
where L and V, are constants (with V, >> %) is approximately
m

ho[2v nv noN Y
8) V +— [ =0 b) V, +—, |- C)V, +— |- d) V, +—|-2
@ Vor Ty (o) Vo + 417 (©) Vo + @ Vo+o 4

Ans. : (d)

VO VO
—, (0]
L2 mL?

K =

So, ground state energy is

V0+h—a):vo+ﬁ /VOZ =Vo+i\/z
2 2\ mL 2LV m

Q68. Let y,,, denote the eigenstates of a hydrogen atom in the usual notation. The state

1
E[Zl// 200~ Won + ﬁl/’zm - \/gl//zm]

is an eigenstate of
(a) L?, but not of the Hamiltonian or L, (b) the Hamiltonian, but not of L* or L,
(c) the Hamiltonian, L* and L, (d) L” and L,, but not of the Hamiltonian

Ans. : (b)

. 1
Solution: |'//> = 5[2'//200 =3+ \/7'//210 _\/§V/214J

13.6
H|V/>=—T v)

So |y ) is eigen state of H
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But L2|l//>¢a|l//> and Lz|z//>¢ﬂ|l/l>

So |) is not eigen state of L* and L,

Q69. The Hamiltonian for a spin-% particle at rest is given by H = E, (o, +ao, ), where o,

and o, are Pauli spin matrices and E;, and o are constants. The eigenvalues of this

Hamiltonian are
(@) +E,V1+a? (b) +E,V1-a?
(c) E, (doubly degenerate) (d) E, (141%0(2]

Ans.: (a)

. , 1 0 ) | 1l «a
Solution: H =E, (5, +ao, ) =E, +ta = H=E,
0 -1 10 a -1

if A iseigen value, then

1-
H—M:O:>Eo[( X J:o, A=+ENL+a?

a —(1+24
Q70. A hydrogen atom is subjected to the perturbation

2r
Vpen(r):e cosg

where a, is the Bohr radius. The change in the ground state energy to first order in
S S — € —€

a) — b) — c) — d) —

(a) 1 (b) 5 (c) 5 (d) 2

Ans. : (d)

Solution: For First order perturbation

Ell = <¢100 ‘Vp‘¢100>1¢100 = \/% e_;r , Vp =€ C0S E?J
0 0

_2r -2r
Tl 2r det o 2r
Ei=|—se® ecos(—]mrrzdr :—fjeaﬂ cos(—]rzdr
0 78 8 % 3 8
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[ ier —i2r

o 2201 g 3 © 20 o 22004
:Ejeao €+ rzdr:2—3E J'eaf’ rzdr+'[ea° r2dr
2 a |9 0

1 1

€ 1 1
EIORCE) g

N M

= < —e%ﬂ +e¥ = i{Zcos(S—ﬂﬂ
42| a2 4

e [ 1 = —e
= 20l-— || —= El=—
4J§_[ ﬂ '

Q71. The product of the uncertainties (ALX)(ALy) for a particle in the state a|1,1)+b|1,-1)

where [I,m) denotes an eigenstate of L* and L, will be a minimum for

(@) a=4ib (b) a=0and b=1
(© a:§ and b:% (dya==b
Ans. : (d)

Solution: |y)=a[L1)+b[1,-1), L, |y)=+27b[1,0), L2 |y) = 2°b|11)

L |y)=+2nra[1,0), L*|y)=2r%|1,-1)
(w|C|w)=al" 2n* +[o]" 20" = Jaf" + 7]} 20"
el =(of )

(L)=0,(L,})=0

<L2>:%<[L2+ P22~ Lg)b =%[(a*b+b*a)2h2 +2(202 1) (|af +|b|2)}

X

L2
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RPr) o s
<L§>:7[(ab+ba)+|a|2+|b|2}
B=2@A¢g—ﬁ—ﬁ

Y 4

<L2y> = h—;[|a|2 +[b|* —(a*b+ b*a)}

hz 2 2 2 * * 2 2
ALXALy:7\/((|a| o) (o) | el ol =1
h? . . 2 ]
AgAgzngJL{ab+ba) (i)
Now check option (a) a=+ib = a=i b:_—i = AL AL :h—z
: g W’
2
Option (b) a=0,b=1 = ALAL, =—
2
Option (c) a:ﬁ,b:l = AL AL :h_
2 2 i 4

. 1 1 . .
Option (d) a=4b =>a=—=,b=—= = ALAL, =0 option (d) is correct
ption (d) N y ption (d)
Q72. The ground state energy of a particle in potential V (x) = g|x|, estimated using the trail
wavefunction

i(a —xz), x<|al

0, x> |al

(where g and c are constants) is

15( n2g? I3 5( h2g? 1/3 3( ntg? 13 7(ntg? 1/3
()—{mj (b)g(m) (C)Z(m) (d)g(m}

Ans.: (a)

Solution: jw*wdx=1:>c:%
F 10%°
(T)= (16a jj; a - X )dx :><T>:4ma2
15x2g ¢
T J' (a®=x*)dx = (V) :—ga
E=(T)+(V) (i)
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2
E_ 1Oh2+5ﬁ
dma” 16
1
2 \3
d—E:O:>a3:8—h:>a=2(h—]
da mg mg

put the value of a in equation (i)

1
2,2\3
el R
161 m
NET/JRF (JUNE-2016)

Q73. The state of a particle of mass m in a one dimensional rigid box in the interval 0 to L is

given by the normalized wavefunction ;//(x): %[gsin(ziﬁ()+gsin(4—?(jj. If its

energy is measured the possible outcomes and the average value of energy are,

respectively

@) —h2 2_hz and E h* (b) —hz —h2 an E h*
2mL? ' mL? 50 mL? 8mL? ' 2mL? 40 mL?
h?  2h? 19 h? H® 2h?® 73 h?
¢) ——,—— and — d , and
© 2mL? ' mL? 10 mL? @ 8mL? 'mL? 200 mL?
Ans. : (a)
Solution: gz/(x)z\/z Esin 27X Rbsin | 47X
L5 L 5 L
2 212
Measurement E :@
2mL
h? 2h?
n=2=E, = E and n=4= E“:W
. 9 16
Probabilit E )=— and E,)=—
Y p(E;)=-; and p(E,)=",

Now, average value of energy is

9 16 20 73
E)= - - -
(B)=2.20P(a) = e %5 ¥ 5 e = 5ome

H.No. 40-D, Ground Floor, Jia Sarai, Near 11T, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

223



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Q74. If L,L, L, are the components of the angular momentum operator in three dimensions

X1 =y

the commutator [I: LLL } may be simplified to

X! Xy Tz

(a) i, (C-13) (b)inL,L, L,
(©) iAL, (2E§ - Ezy) d) 0
Ans.: (a)

Solution: | L,,L L L, |=L|L,LL, ]+[L,L]LL,

X! —x -y =z

=L[L.L L +LL[L,L]+0 =L, [inL, L, + L L, (AL, )

Xy
=inL 2 —inL > =inL, (L -12)
Q75. Suppose that the Coulomb potential of the hydrogen atom is changed by adding an
Ze* g

inverse-square term such that the total potential isV (F)=—-—+=

>, Where g is a
r S

constant. The energy eigenvalues E,,, in the modified potential

(a) depend on n and I, but not on m

(b) depend on n but noton land m

(c) depend on n and m, but not on |

(d) depend explicitly on all three quantum numbersn, | and m
Ans. : (b)

2
. ze . :
Solution: V (r) = ——+% is central potential
R r
So angular momentum is conserve then eigen value E , = will depend only on n, which

is principal quantum number.

Q76. The eigenstates corresponding to eigenvalues E, and E, of a time independent
Hamiltonian are [1) and |2) respectively. If at t=0, the system is in a state
‘w(t :0)>:sin 6|1)+cos | 2), then the value of <w(t)‘w(t)> at time t will be

(E,sin’ 0+E, cos® 0)
JEZ +E?

@1

(c) €7 sin@+e™'" cos @ (d) e ™" sin? @ +e F'" cos? @

Ans.: (a)
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Solution: |y (t=0)) =sin#|1)+cos 4| 2)

—iEt —iE,t

lw (1)) =sindl)e " +cosd|2)e "

—i(Ei-Ep)t

<yx(t)‘w(t)> =sin’ §(1|1) + cos’ 6<2|2>+ 2Ree " sing-cosd(1]2)
=sin?0+cos’0+0=1 (- (1]2)=0)

Q77. Consider a particle of mass m in a potentialV (x):%ma)zx2 +gcoskx. The change in

. . .1 .
the ground state energy, compared to the simple harmonic potentlaIEmwzxz, to first

orderin g is
k2h k2h 2k %k k2h
@ ge><|0(—2 ] (b)gexp[ ] (© gexp(— j (d)gexp[— j
1119) 2Mmo Mo Amw
Ans. : (d)

Solution: Ground state wavefunction

The perturbation term isH | = g coskx

First order correction E; = Iwo(x) H oy, (X)dx

l 2 - i 1 2 2
mao )2 ©  MaX elkx+e—|kx mao \2 0 —MmoX ) 0 —MmaoX -
:(_hj gje ' AR dx=% — Ie h .e'kxdx+je noL e dx
T —00 T —00 —00
max?

L . 1. -max®
:%(m—;]z jef h Hkxdx+%(m—2)j2 .[e r " dx
ah ) 3 zh) 2,

From 1% term, we have

mao

1 2iken (ki ]2 (ikh 2} 1 QN2
o X2 H—1 o Mo ik k?h
:g(mw]z J~e h { 2me [me 2m(uj dx =g Mw )2 je s (HZ,MJ e 4mo gy
. 2 h

2\ 7h
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1 . 2

k%n S Mol ikn k*n

— %e4mw (m_z)jz '[ e h (X+2mw] dx = ei4ma)
T

—00

1 2
Similarly, from term (ii), g(@jz Ie_ % dx
2\ 7h )

k2h Mo ikn

1 0 k2n
— ge_élmru (%jz .[ e_T(X_Zma)] dX — e_m
2 h

—o0

9 k%n k*n k*h
Hence, E; =S¢ imo g 4mo | = gg 4me

Q78. The energy levels for a particle of mass m in the potential V (x):a|x|, determined in

the WKB approximation

MI\/?(X)dx:(n+%jh7z

(where a,b are the turning points and n=0,1,2...), are

e (1] [3nma(, 1)F
@ E”__4\/H(n+2ﬂ (b) E"__4\/ﬂ(n+2j_
[ 3hra 1 5 " hra 1 0
(c) En_bm(n+5ﬂ (d) En__4m(n+§j_

Ans. : (b)

Solution: V (x) =a|X|

:>V(x)— —ax, x<0 \ /
- =aX, x>0
E
a a
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Q79.

Ans, :

|m

:>\/2mj'\/E+axdx+.[\/E axdx = [ j;rh:>2\/2mj E-ax dx =[n+%)nh
0

a

put E—ax=t, dx:—ﬂ
a
limitx—>0 =>t—>E X—>—=t—>0
a
0
2\/2mj\ﬁ(_—dtj:(n ljyzh
a a
3 3
_ZJam) 2., :(n+—)ﬂh:>2\/2sz2=(n+£)ﬂh
a 3 e a 3

2
- Eg—(n+1 Smha _ o _ 3h7za{ 1] :
2)4y2m " [ 4y2m
A particle of mass m moves in one dimension under the influence of the potential

V(x)=—ad(x), where o is a positive constant. The uncertainty in the product

(Ax)(Ap) in its ground state is

OF oK O ONEL
(©)
Solution: V (x) = —ad(x)
For this potential wavefunction
Jae, x<0 vx)
vx)= {fe X x>0
which evenfunction about x =0 / \\
s0 (x)=0,(p)=0 X —>

\/f

now <x2> = Zaj x%e 2% dx =
0
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Q80.

Ans, :

Solution: (E)=(T)+(V), for W(X):(%Te—“é’ (T)= 7?2

<p >:_h2 I . ¢ 22 X = 1 T \/—eax \/—eaxdx 52 I \/—e—ax \/_e—axdx

: F o had . )
=-h’a® .[ eZ“de—h2a3je‘2“de =— -~ = —h’a®, which is not possible
. 5 20 2a
s0, we will use the formula <p>2 :hzj d—y/ dx = h?a?, Ap = <p2>—<p>2 — ha
X
1 /]
now, AXAp =—Jia=—
SN PN
The ground state energy of a particle of mass m in the potential V (x)= er x*

2

Z —aX
estimated using the normalized trial wavefunction W(x) :(gj e 2 ,is

A
[use \/7 dxx%e _ 1 and \/7 dx x‘e :iz]
T 2a T Ao

3 2. 8 g 2 o0 3 o0
(@) o -7/ (b) O "¢ Ol

(d)

1 1
=y P R 2 2
<V>:(gj2Ih'Bx“e“dex:(gjzwj'x“e”‘xzdx:hﬂ. 3 _ P

6m 4a® 8ma?

Vs 6m V4 m -
Wa Wp

E + I

< > dm 8ma ®

dE h_2_2hﬂ 0 hz(_ﬁj 0= a=(B)

da 4m 8ma’ 4dm a

Putting the value of « in equation (i),

72 1 hzﬂ K2 1 (ﬂ)% 3 ., 1
E)=——(B):+ ;= | (B |= 1
4m 8m(ﬂ)§ dm 2 8m
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NET/JRF (DEC-2016)

Q81. Consider the two lowest normalized energy eigenfunctions w, (x) and w,(x) of a one

dy,

dimensional system. They satisfy v, (x) =y (x) and v, (X)=«a , Where ¢ is a real

constant. The expectation value of the momentum operator in the state y, is

@ - (b) 0 © @ 2
(04 (04 (04
5. : (b)
Solution: v, (x) :a%

dx

j% pwdx = jyfl [ jdx = j < dwg (-ina) 4y dx

dx dx?

—00

s j SLLEZEN

Integrate by parts

| = —ih|af (dldi

‘I d’y, dy, de_ ~(<it)af I dyo s o

dx dx |, dx* dx dx dx’
| | J‘d‘//o ‘//od
dx dx?
%aﬁ, W, =0,X—>00
dx a

1=0-1=21=0=1=0 =(p,)=
Q82. Consider the operator, a:x+di acting on smooth function of x. Then commutator
X

[a,cosx] is
(@) —sinx (b) cosx (c) —cosx (O

s.: ()

Solution: a= x+i
dx
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[a,cosx]:[x+di,cosx}:[x,cosx]{di,cosx}:0+[di,cosx}

X X X
d d dy
—,C0S X |y (X)=——c0s Xy (X)—Cos X——
[dx }//( ) dx l//( ) dx
= cosx?j—w+(—sin X)y - cos xdy =—sin xy
X

[a,cos x]y (x) = —sin xy

[a,cosx]=—sinx

Q83. Consider the operator 7=p-gA , where p is the momentum operator,
A:(AA,Ay,AZ) is the vector potential and q denotes the electric charge. If
E:(BX,By,BZ) denotes the magnetic field, the z -component of the vector operator
AXT IS
(a) ig7B, +q(Ap, —Ap,) (b) —ia%B, —a(Ap, —Ap,)

(c) —ignB, (d) ig#nB,

Ans. : (d)

Solution: 7= p—gA

X7 =0ihB

So, z component is given by qi%B,

H.No. 40-D, Ground Floor, Jia Sarai, Near I11T, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

230



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Q84. The dynamics of a free relativistic particle of mass m is governed by the Dirac
Hamiltonian H =ca.p+ Amc®, where P is the momentum operator and @ =(e,,a,., )
and g are four 4x4 Dirac matrices. The acceleration operator can be expressed as

(a) E( p-aH) (b) 2ic’Gp

© THa (@) -2 (cp+aH)

s.: (@)
Solution: H =ca.p+ fmc?
If v, velocity of x direction

From the Ehrenfest theorem

dx 1 ox 1
VX:E:E[X’ ]+at Ih[xw P +Ca, p, +Ca, pz+ﬂmc] +0

. —[x a,p,]=ca

in

Similarly, acceleration is given by
_dv, 1

=g il ]

X

C
:E[ax,wx Py +Ca, p, +Ca, p, +,Bm02]
Using relation o;a; +aja; =0 , 08+ oy =0 and [ai’ pj]zo
[, Ca,p]=0

[ax,Cay py] = C[axay a,a } py+a,C ax, py [Ca a, Caxay )} p, +0=2Ca,a,p,

[a.ca,p,]=[ca,a, —ca,a,]p, + 2, [cay. p, ] =[ ca,a, - (~ca,@, ) | p, +0 = 2ca,ax, p,
[ax,ﬂmcz} = [ B - Ba, ] mc? =2mca, B

c
a, = E[waay p, +2ca,a, p, + 2axﬂmc2}

a _2aC c c mc? +¢ c
X i aypy+ azpz""ﬂ + Cay Py — Cay Py

2a,C
a, = m [ca Py +Ca, Py +Ca, p, + Amc? Caxpx]
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2c 2ic
a =0 —[a,.H—caa,p, ]| = - —[caya,p,—ay H], (af:x)

d=a,+a,j+ak= {Z;C(p H)}

Q85. A particle of charge g in one dimension is in a simple harmonic potential with angular

[ty
frequency w. It is subjected to a time- dependent electric field E(t) = Ae U , Where A

and 7 are positive constants and @z >1. If in the distant past t - —oo the particle was
in its ground state, the probability that it will be in the first excited state as t —» +oo is

proportional to

@ e 2" (b) e © 0 @ 1
(wr)

s.:(a)

t? 2

Solution: Transition probability is proportional to Py oc j e gt

—0

where

b exp—r—2+ it dt

—0

© 2 © ) 2 2 i 9 2
Now calculate | exp{—t—2+ia)t]dt: [ eXp—iz[tz—ia)terr('w; ) _(Ia)zz' } ]
—o T . T

:exp(—w2 2} | ex (t—%) dt

2

® t? .
Pt =| [ exp—— +iwtdt
T

—00

@’r? | * 1 ot
Pif = exp(— 4T I pT (t—7j dt

G)ZTZ

2

2

Py oc exp—
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Q86. A particle is scattered by a central potential V (r) =V,re™", where V, and u are positive
constants. If the momentum transfer ¢ is such that q:|q| > u, the scattering cross-

section in the Born approximation, as q — o, depends on g as

n,ax _ dn ax
[You may use jx e dx_gfe dx]

@q” (b) q”* () o° (d) o°
Ans.: (a)
Solution: The form factor is given for high energy as q — o

o0

—hZz;n er (r)singrdr :;ZTZJ'rZVOe‘”Vsin qrdr
0

0

f(6,4)=

_ © igr _ 4-igr 2 . = ;
= —hzzmvoj r2gr & 2'e dr = MV {j r2e "“ gy —J‘rze‘r(‘”'q)dr}
[

.
0 0 0

nq

:mVOi[ 2 2 }_vaoi ((2+ia) = (uia)’)
Wq | (u—iq)’ (u+iq) | Q| (u+iq) (u~ig)

omv, i] (#° =0 +3u%ia-3uq” ) =1 +io® ~3uliq -3u” ) |
=~ g (,uz N qz)s
_2mVyi 6.%iq—2ig® _2mV, 20° —64°q

7°q (/12 +q2)3 7°q (,Uz +q2)3

3 2 2
oc%[ —6(’; jx ]2. 30cq2><q—:|'60cq—:|'4 ['.‘%<<l]
U
Mo

Q87. A particle in one dimension is in a potential V (x) = A5 (x—a). Its wavefunction y (x) is

continuous everywhere. The discontinuity in C;_W at x=a is
X
2m
@ —7 Av(a) (b) Ay (a)-w(-a))
2
© 2 A @0
2m
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Ans. : (a)

2 d%y (x
Solution: —h— WE )
2m  dx

+AS(x—a)y (x)=Ey(x)

Integrates both side within limit

a-e to at+e

h2 a+€d2W a+e a+e
_%a‘L ™ dx+aJ:EA5(x—a)¢//dx: Ea'LW(X)dX
_ w (dy, _dy, j _

Zm( dx  dx +A1//(a)_0

so discontinues in ?j—l// at x=ais
X

2mA
v (a).

NET/JRFE (JUNE-2017)

Q88. If the root-mean-squared momentum of a particle in the ground state of a one-

dimensional simple harmonic potential is p,, then its root-mean-squared momentum in
the first excited state is
(8 pov2 (b) pov/3 (c) p,v2/3 (d) pov3/2

Ans. : (b)

. a—-a'
Solution: P =mawhP = \/ma)h(—_)
J2i
Mo

P? = —T(a2 +a" —(2N +1))

()=~ () )G )

For any state |n),

(a’)=0,(a")=0 and (2N +1)=2n+1

(P?)=(2n +1)mT“’h and (P)=0
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Ps = (P2)—(P)’ =P, = /mT“’h\/znﬂ

For ground stat n=0, P, = mTa)h =P,
Mmah
So,forn=1 P, = T\@
I:)rms = \/§PO
Q89. Consider a potential barrier A of height V, and width b, and another potential barrier B
of height 2V, and the same width b. The ratio T, /T, of tunnelling probabilities T, and
Ty, through barriers A and B respectively, for a particle of energy V,/100 is best
approximated by
@) exp[(\/1.99 ~/0.99) /Bmv,p? /77 ] (b) exp[(\/1.98 ~/0.98)JBmv,b? /7 }
©) exp[(\/2.99 ~/0.99) /BmV,b? /hz} (d) exp[(\/2.98 ~/0.98)JBmV,b? /72 }
Ans. : (a)
Solution: Tae Y25 where E :1\%"0

For potential A, V =V,

72" 100 Rra *VUJ —,/2m(0.99V,
T,ae V! 100 —T,ae " 100°) ,a=/2m(0.99%)

For Potential B, V =2V, and E:V—0
100

2m[2v Vo j 2m(199v0]
A #2177 100 2 —,/2m(1.99V,
T e VL7100 7 g g VL1005 gri2miten)

ef,/o.99vQ
- e—«/1.99v0

|
>

B

|
>

_ (e Toov, ef./o.ggv0 )

B
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Q90. A constant perturbation H' is applied to a system for time At (where H'At<<#)

leading to a transition from a state with energy E; to another with energy E, . If the time

of application is doubled, the probability of transition will be

(b) doubled (c) quadrupled

(a) unchanged
Ans. : (c)
Solution: For constant potential transition probability

D :4‘<l//f |V|Wi >‘2 [Sinz a)ﬁtiJ

" hza)fi 2

att =2t

o 4‘<l//f |V|l//i >‘2 sin? gt

i h*w?

att =2t
2 2
el o
ff hza)f, 2 hza)i fiti
sinz(a)ﬁti) L
&_ sin’ (a)ﬁti) _ w?itiz " t >0
P Eine [a)ﬂti J in? (a)ﬁti ](a)ﬁti jz
2 2 2
2

B 4a)fiti2 _4
T ookt
Piey

=4 = py @ = 4p; o

Pit

] are orthonormal if

a b
Q91. The two vectors (Oj and (C

(a) a=41, b=+1/2, c=+1//2
(c)a=41,b=0,c==1

(d) halved

(b) a=+1, b=41,¢c=0
(d a=+1, b=+41/2,c=1/2
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Ans. : (c)

Solution: |¢) = (gj’ ) :(Ej

ab+0.c=0=a-b=0
sob=0
=1, c=+1
a=x1, b=0, c=#1
Q92. Consider the potential
V(1) =2 vea’s? (1)
where T, are the position vectors of the vertices of a cube of length a centered at the

2
origin and V, is a constant. If V,a’ <<h—, the total scattering cross-section, in the low-
m

energy limit, is

mV,a’* 16a2( mv,a? )
(a) 16a2(h—gJ (b) ﬂz( h‘; ]
64a’ (mv,a ) 64a’ [ mv,a2
(c) - ( Py, J (d) . Y,
Ans. : (c)

Solution: V (r)=>"V,a’s*(F - )
=YV, a’s(x-x%)5(y-¥)d(z-1z)
where x., V., z, are co-ordinate at 8 corner cube whose center is at origin.

f(e):-Z:hz [V (ryr
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=3 hZVaJ._j;jZ§ (x=x)3(y-Y;)5(z-1z )dxdydz

‘[I+1+1+1+1+1+1+1]
27h
_ -8mV,a®  -4mv,a’
27h? h?

total scattering cross section o = ﬂ f (9)‘2 sin#dd 4.

16m?; a’

Differential scattering cross section D (&) =|f (0)‘2 ==
T

A =
ot T h*

_64a’ (mv,a’ )
7 i

Q93. The Coulomb potential V(r):—ezlr of a hydrogen atom is perturbed by adding

_16mV7a® ,  64a’ [mzvoza“j

H'=bx* (where b is a constant) to the Hamiltonian. The first order correction to the

ground state energy is

(The ground state wavefunction is y, = - e™"%)
7a,
(a) 2ba? (b) ba? (c) ba? /2 (d) </2ba?
s.: (b)
Solution: H'=bx? put X =rsinédcos¢

H'=br?sin* @ cos’ ¢.

e—r/a0

, 1
E :<W1|H |W1>'|'//1>: \/E
0

:jW;H'Wzsinedrdedqﬁ

rle ®r 2er‘sln Hdejcos ¢dg =ba’
7[6\0 0
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Q94. Using the trial function

V/(X):{A(az—xz), —a<x<a

0 otherwise

the ground state energy of a one-dimensional harmonic oscillator is

(@) ho (b) \/g ha ©) %ha} (d) \/g he

s. 1 (b)
Ala?-x*), -
Solution: z//(x): (a X) a<x<a
0 . otherwise
For normalization
IW*de:l
A2: 155: _ 155
16a 16a
_hZ a az _h 15 .
T)=—- * dx —2)(2 22
i 2m 3, V% om 1628 (=2)( )!(a x* Jx
5k
T)=
<> 4ma?
L
ma*a’
V)=
< > 14
2 2.2
E=T+v=—_, M@
4dma 14
2 2 )
dE _,_ 5x(=2)n +mwazoja4:§( j z]-
da 4ma’ 7 > | ol
a2 = (BSJM(iJ
2
5 K mo
_2 Mo
4 m *h
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ha)S\FlF hm\F\F \F
=——| = =4 == | =—| «[— +.|— |=ho|—
2 12\V35 7V 2 2 (1\V14 V14 14

NET/JRF (DEC - 2017)

Q95. Let x denote the position operator and p the canonically conjugate momentum operator

of a particle. The commutator

|:ip2+ﬂx21ip2+yx2:|
2m m

where £ and y are constants, is zero if

@ 7=p (b) 7 =28 (c) »=~2p (d) 27 =4
Ans. : (b)
N 1, 2 1 W B
Solution: [%p + fBX ,Hp + 7 X }:O :%7“ , X ]+E[X P ]zO
—%[xz,pz}tg[xz,pZJ:O:%[XZ,pzj{_—zyjtﬂ}:O:y:Zﬁ

Q96. The normalized wavefunction of a particle in three dimensions is given by

= e "% where a>0 is a constant. The ratio of the most probable
8ra

w(r.0,0)=
distance from the origin to the mean distance from the origin, is

[You may use J.dx x"e”* =n!]
0

1 1 2
@ 3 ®) 5 © 5 @3

Ans. : (d)

Solution: y/(r,e,(p):Lez

\J8ra’
* 2 - 3
(ry= jj ry wridrsin 0dodg =E(2a) =3a
one can compare the wave function at hydrogen atom with Bohr radius a, = 2a

most probable distance,

H.No. 40-D, Ground Floor, Jia Sarai, Near I11T, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

240



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

irze—rlazo
dr

I, =2a

o _2a_2
<r> 3a 3

Q97. The state vector of a one-dimensional simple harmonic oscillator of angular frequency @,
at time t =0, is given by ‘W(O)>:%[|O>+|2>], where |0) and |2) are the normalized

ground state and the second excited state, respectively. The minimum time t after which

the state vector ‘w(t)> is orthogonal to ‘1//(0)> is
@ = () Z CE @ =
w w w w
Ans. : (a)

Solution: <l//(0)‘=%|:|0>+|2>:|

5 1 St il 2t
e -5ho Ju(0)=f 0 sfze ]
hao h
E, =£L —0=t= gbg 1
o {8 <l/l(0)l//‘l/l(t)> 0= Eg—EoCOS (-1)
AV WS Wl 4
(51‘1@ 1hj w2 2w
2@

Q98. The normalized wavefunction in the momentum space of a particle in one dimension is

#(p)=— 7 where o and S are real constants. The uncertainty Ax in measuring
P+
its position is
ha ha h w ha
@ V7 (b) V& —5 © 7 @
s p V2 pb
Ans.: (c)
. o
Solution: =
¢(p) p2 +ﬂ2
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From inverse Fourier transformation

: B
Normalize, y ()= ;e h

Ax:1/<x2>—<x>2 :\/—%ﬂ

Q99. A phase shift of 30° is observed when a beam of particles of energy 0.1MeV is scattered

by a target. When the beam energy is changed, the observed phase shift is 60°. Assuming
that only s-wave scattering is relevant and that the cross-section does not change with

energy, the beam energy is

(@) 0.4 MeV (b) 0.3 MeV (c) 0.2 MeV (d) 0.15 MeV
Ans. : (b)
. A =® )
Solution: o=z > (21+1)sin“(5))
1=0
only s-wave scattering isrelevant =0 k= 2sz
h
2
o =4—72[sin2 - AT i’ 5,
k 2mE
: sin30 _ sin®60 sin 60
According to problem = = E=—--—x0.1MeV =0.3MeV
0.1MeV E sin“30

1 1
Q100. The Hamiltonian of a two-level quantum system is H =%ha)[1 J possible initial

state in which the probability of the system being in that quantum state does not change

with time, is
VA T VA T
cosz cosg COSE cosg
(@ (b) (©) (d)
. T . T . T . T
sin — sin— sin — sin—
4 2 6
Ans. : (b)
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Q101. Consider a one-dimensional infinite square well

V(x)— 0 for O<x<a,
oo otherwise

If a perturbation
V, for O<x<al3,

av (x)= {O otherwise
is applied, then the correction to the energy of the first excited state, to first order in AV,
iS nearest to
@)V, (b) 0.16 V, (c) 0.2V, (d) 0.33V,
Ans. : (d)

al3

Solution: AV = J' AV, ¢, $,dx
0

al3 al3
AV = '[V 2 in? (Zﬂxjdx=gvoj' ;[1 cosﬂ}dx
a a ’d a

sin4—7Z
_2y a8 .y, 1,48 ~0.33V,
a’le 4z 3 4r

Q102. The energy eigenvalues E, of a quantum system in the potential V =cx® (where ¢ >0 is

a constant), for large values of the quantum number n, varies as

(a) n*® (b) n*? (c) n°"* (d) n®®
Ans. : (b)
Solution: We can use Bohr Somerfield theory

V(x)=cx’

cﬁde:nh:4I0(‘E3j1/61/2m(E—cx )dx nh = \/W( J IJl—tdt_nh

3+1
E1/2+l/60Cn:E 6 Cﬁn,EOC n3/2

Therefore, correct option is (b)
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1 1
Q103. The Hamiltonian of a two-level quantum system is H :%ha)(l J possible initial

state in which the probability of the system being in that quantum state does not change

with time, is
T T T T
cosz cosg cosz cosg
(@) (b) (©) (d)
sin— sin— sin— sin—
4 8 2 6
Ans. : (b)

NET/JRF (JUNE-2018)

Q104. The Hamiltonian of a spin % particle in a magnetic field B is given by H =—u.B.5,

where u is a real constant and &:(O'X,O'y,az) are the Pauli spin matrices. If
B=(B,,B,,0) and the spin state at time t=0 is an eigenstate of o, , then of the

expectation values (o, ) ,<0'y> and (o)

(a) only (o, ) changes with time (b) only <ay> changes with time
(c) only (o,) changes with time (d) all three change with time
Ans. : (d)

J2 1

1
Solution: (a,). () and (o, ) will changes with time because Eigen state of o ie i( jand

1 _ 0 1-i
i[ J and can be written in basis of eigen state of H =—u.B.6 = —BO[ ]

\/E 1+i O

Q105. A particle of mass mis constrained to move in a circular ring of radius R. When a
: a . . I
perturbation V' =—-cos® ¢ (where a is a real constant) is added , the shift in energy of
R

the ground state, to first order in a, is

a a
< d) —&
SR (d)

(7R*)

a 2a
(@) Y (b) ru (©)

Ans.: (c)
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) a 1
Solution: V' =—-cos*¢ where =

RZ ¢ |¢O> \/E
Yy s

- a 1 )
<¢o |V |¢0> :?I_Cos ¢

o 27T

2z
a 1 a 2z a
=—— | =(1+cos2¢)dp = ———=
272'R2'([2( ¢) ¢ 27R* 2 2R?

Q106. A particle of mass m is confined in a three-dimensional box by the potential

V(x z)— 0, 0<x,y,z<a
V)T otherwise

2082
The number of eigenstates of Hamiltonian with energy e is
ma
(@)1 (b) 6 (c) 3 (d) 4
Ans.: (c)
232
Solution: E, | _9z h2
v 2ma
n. n,_n,
1 2 2
2 2 1
2 1 2
232
_ (] 2 2\ 7N
where Etil _(nX +ny+n; ) -

2
Q107. The n"energy eigenvalues E, of a one-dimensional Hamiltonian H :Zp—+/1x“ (where
m

A >0 is a constant) in the WEB approximation, is proportional to

(@) (n+%) A5 (b) (n+%) PREI (n+%) () (n+%) PRE
Ans. : (a)

Solution: From W.K.B approximation

4.dexOc n+llh
) 2
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4[1} \/Zm(E —ﬂx“dx) oc (n +%)h

making the integration dimensional

E 1/4 1 1 1 1 4/3
4x(2m E)”Z(;J j\/i—t“dtoc(mﬂ:»E3’4oc(n+§j/1”4:>Eoc(n+§j A

0

ﬂ —ur

Q108. The differential scattering cross-section j—g for the central potential V(r):—e :
r

where £ and wu are positive constants, is calculated in thee first Born approximation. Its

dependence on the scattering angle & is proportional to (A is a constant below)

2 20 . .0 %
(a) (A +sin Ej (b) (A +sin Ej
© (Az +sin2§j_ (d) (A2+sin2§j
s.: (c)

Solution: f(e)ocjfv(r)sin krdr :>D(49)oc‘f(t9)‘2

0

jﬂ

1006 e 1 T —ur ~ikr T —ur A—ikr
oc—j _ dr:fje”e dr—J.e”e dr
ke 't 2ik ¢ 5
. . — -1
— 1 J‘efr(ﬂflk)dr_J‘efl’(ﬂﬂkr)dr — 1 /u+”§ /u2+|k 2|k( 2+k2)
2ik | 5 2ik Ho+K 2ik

2
1
- D(O) =] ———
(ﬂ2+k2) ('9) (,U2+k2j
- . 0
D(0)=(u +k?) ", where k ocsin =
(0)=(x*+K*) ", where e sin -

) -2
D(6) [,uz +sin2§j or D(0) :(A2 +sin2§j
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Q109. At t=0, the wavefunction of an otherwise free particle confined between two infinite

walls at x=0and x=L is w(x,t:O):\E(smTX—sm%j Its wave function at a

2

later time t = mL
47h

() \E(sinﬁ—x—sin?ﬂ—xje‘”’ﬁ (b) \E(sin”—xﬂin%je‘”’6
L L L L L L
(©) \/7(smﬂ—x—s nsm(je‘”’8 (d) \/7(sm— +sin 3”X]ei”’6
Ans. : (d)
Solution: z// (\/7 ——\/7 Sﬂx]

w(x,t=0)=|p)—|p,)

—iEt —iEgt

v(xt)=|p)e " —[p)e ’

is

2 h? 972 h? mL?
E = > E3 = b=
2mL 2mL Arh
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NET/JRF (DEC - 2018)

Q110. The ground state energy of an anisotropic harmonic oscillator described by the potential

V(X y,z)zémwzx2 +2ma’y® +8mw’z® (in units of 7w ) is

5 7 3 1
a) — b) — C) - d) =
(a) > (b) > (c) > (d) >

Ans. : (b)

Solution: V (X, y, z) :%mwzx2 +%m(2a))2 y? +%m(4a))2 z?

=0 o, =20 0, =40

Ennn = nx+1 ho,+| N +l hao, + nz+1 ho,
oMy, N, 2 y 2 y 2

For ground state
n,=0,n,=0,n,=0

=£ha)+£h2a)+£h4a) :iha)(l+2+4)=zha)
2 2 2 2 2

Q111. The product Ax Ap of uncertainties in the position and momentum of a simple harmonic
oscillator of mass m and angular frequency @ in the ground state |0> is g The value

of the product Ax Ap in the state, e™®/"|0) (where ¢ is a constant and f is the

momentum operator) is
hz
ma!?

i mal? h
@ A7 (b) 7 (© 2 (d)

Ans. : (c)
Q112. Let the wavefunction of the electron in a hydrogen atom be

1 s 2 1 .
‘//(r):%@oo(r)‘F\/;@1—1(")_%@00(")
where ¢, (F) are the eigenstates of the Hamiltonian in the standard notation. The

expectation value of the energy in this state is
(@) —10.8 eV (b) 6.2 eV (c) 9.5eV (d) -5.1eV

Ans. : (d)
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. 1 2 1
Solution: =%¢2,0,0 + §¢2,1,_1 ——6¢(1,o,o)

[—13.6) 1 2 1+4 5

P —_— ==t —=—=—

4 6 3 6 6

(E)= (—3.4)x%+(—13.6)x% = %(—17.00—13.6)ev = —@ =-5.1eV

Q113. Three identical spin % particles of mass m are confined to a one-dimensional box of

length L, but are otherwise free. Assuming that they are non-interacting, the energies of

232
the lowest two energy eigen states, in units of % are
m
(@) 3 and 6 (b) 6 and 9 (c) 6 and 11 (d) 3and 9
Ans. : (b)
232
Solution: Put = hz =E,
2mL

For ground state configuration 2 particle has engine E, and 1 particle has engine 4E,
Total energy is 2x E, +1x4E, =6E,

For first excited state configuration, 1 particles has engine E, and 2 particle has engine
4E,

Total energy 1xE, +2x4E, =9E,

232
Lowest two energy levels are 6E,,9E, respectively, where E, =;—?|l_2

Q114. Consider the operator A =L p,—L,p,, where L and p, denote, respectively, the

components of the angular momentum and momentum operators. The commutator

[A.X] : where X is the

X - component of the position operator, is

(@) —-in(zp, +yp,)  (b) <in(zp,—yp,) (c) in(zp,+Yp,)  (d) in(zp, -yp,)
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s.:(a)
Solution: A =L p,-L,p,, L, =2p,—xp,, L, =xp, —yp,

[A&,x]:[LypZ,x]—[szy,x} :[Ly,x] p,—[L.. X] P,
=[zpxX] P, +[yPu x] Py = 2[ P x] P+ V[P X] P,
=(~inzp,)+(-inyp,) =-in(zp, + yp,)

p2

Q115. A one-dimensional system is described by the Hamiltonian H =—+/1|x| (where 41 >0).
zm

The ground state energy varies as a function of 4 as
(a) 15/3 (b) 12/3 (C) 14/3 (d) /11/3
s.: ()

Solution: Using Bohr-Sommerfield theory,

ot N
cﬁpdx nh = 4]14/ E - Ax) dx =nh 5

. . . =
where X, is turning point X, oy Xy =—

1
= 4dx~/2mE x%jxll—tdt =nh
0

3/2
cn=EoA1??

Q116. If the position of the electron in the ground state of a Hydrogen atom is measured, the

probability that it will be found at a distance r > a, (@&, being Bohr radius) is nearest to

(a) 0.91 (b) 0.66 (c) 0.32 (d) 0.13
Ans. : (b)
Solution: P(a, <r<o)=|r?|R,[ dr
(a5r<o)= RS o
2
Ry, = NE
4 © _ar aO r
P(ay<r<w)=— [r’e “dr=0.66
2 5
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Q117. A system of spin % particles is prepared to be in the eigenstate of o, with eigenvalue +1.

The system is rotated by at angle of 60° about the x -axis. After the rotation, the fraction

of the particles that will be measured to be in the eigenstate of o, with eigenvalue +1 is
1 2 1 3

a) = b) = c) = d) —

(a) 3 (b) 3 (c) 1 (d) 1

Ans. : (d)

Solution: Rotation with angle 6 about x axis

u [R(H)]:exp(—ie.%)
U[R(6)] :cos(gjl —isin(gjé.a

U [Rx(e)]:cosgl —isin gjé-ax

cosg ising
R(0)=| %, 3| Puo=2
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If o, is measure on |1//> the measurement is +1 with probability % and -1 with

probability %
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